§0. Introduction
The maximality of Galois groups associated with cohomology of varieties was first discussed by Serre [19] , [20] . He proved that if K is a number field and E/K an elliptic curve not potentially of CM-type, then for all 0, the homomorphism
Gal(K/K) → GL(T (E)),
giving the Galois action on the Tate module of E, is surjective. We would like to generalize this to the case of a compatible system of n-dimensional representations
in the sense of Serre [19] . Of course, the image of ρ is not generally Zariski-dense in GL n (Q ), so the maximality condition must be formulated relative to the Zariski closure, G , of ρ (Gal(K/K)). One might hope that the image of ρ is a maximal compact subgroup of G (Q ), but this is too optimistic: the center causes problems, and we do not even know a priori that G is reductive. To formulate a maximality conjecture which avoids such problems, we introduce maps G
where G • denotes the identity component of G , G ad the quotient of G • by its radical, and G sc the simply connected cover of G ad . We expect that for 0,
should be a hyperspecial maximal compact subgroup of G sc . This technical condition implies, in particular, that with respect to Haar measure, the group (0.1) is of maximal volume. The main result of this paper is a weaker claim, namely that (0.1) is a hyperspecial maximal compact for a set of primes of Dirichlet density 1. The argument is valid not only for systems of cohomology representations but for all compatible systems of -adic Galois representations.
Our proof of 3.17 makes essential use of a group-theoretic result which may be of some independent interest. Given a connected semisimple algebraic group G/Q, we can extend G to a smooth group scheme over Z 1 N for N sufficiently divisible. We consider the family of finite groups G(F ) for 0. Theorem 1.1 says that for 0, every maximal proper subgroup of the abstract group G(F ) is actually algebraic in a suitable sense. The proof depends on the classification of finite simple groups.
The two other main ingredients in the proof of 3.17 are the the Bruhat-Tits theory of p-adic groups and the theory of algebraic monodromy of compatible systems of Galois representations developed in [16] . These ideas are discussed in §2 and §3 respectively.
The interplay between different categories of groups in this paper is somewhat involved, and we make an effort throughout to carefully specify what kind of group is under consideration. The following diagram indicates the principal relations used below in going from category to category: algebraic groups over It may be worth noting the relation between this paper and earlier work of MatthewsVaserstein-Weisfeiler [17] and Nori [18] . These two papers discuss the maximality of the image of Γ in G(Q ) for subgroups Γ of G(Q). Technically, the system of representations Γ → G(Q ) is a "representation of F -groups" as defined in 3.9-3.10. As Γ is not compact, however, it does not satisfy the hypotheses of 3.17. Although our method could probably be stretched to cover this case, we can only hope to prove maximality for a set of primes of density 1 while [17] and [18] prove maximality for all 0. There is also a connection between our ideas and those of Swinnerton-Dyer, who proved maximality of the image for all 0 for certain two dimensional systems of representations arising from modular forms [26] . Our Prop. 2.6, in particular, was suggested by this work.
In the general two dimensional case, one can obtain a somewhat more precise result than 3.17. This is explained in [13] , which may also serve as a useful introduction to this paper. It should be noted that the maximal compact subgroup M of this paper does not, as claimed, map into an Iwahori subgroup of SL 3 (Q p ) under the adjoint representation. Only an index 2 subgroup of M does so. The image of the non-trivial coset consists only of matrices whose trace is congruent to −1 (mod p), and therefore does not affect the density arguments used in [13] .
I want to acknowledge the many people to whom this paper is indebted: C.-L. Chai, J. Conway, T. Hales, E. Nisnevich, J. Rogawski, C. Simpson, and D. Testerman. I am grateful to G. Faltings and the referee for pointing out errors in earlier versions of this paper. I want to especially thank R. Pink, for his many generous contributions to the project, from its inception to its conclusion.
Noetherian hypotheses are in force throughout this paper. A semisimple group scheme is a smooth group scheme with connected semisimple fibres. §1. Finite Groups
In this section we give a crude, general characterization of maximal subgroups of semisimple groups over finite fields. The main result is the following:
N be a semisimple group scheme. For all 0 every maximal proper subgroup Γ ⊂ G(F ) is the image of the group of F -points of a smooth group scheme H Z under a finite homomorphism of Z -group schemes H Z → G Z .
(1.2) We begin by recalling some facts about Chevalley groups. Let G be a connected simple algebraic group over a finite field F. Let G sc denote its universal cover in the sense of algebraic groups and π : G sc → G the quotient map. If |F| > 4 then the "universal Chevalley group" G sc (F) is perfect, and if |F| > 9, it has trivial Schur multiplier ([23] Th. 9-10, [4] pp. xiv-xvi). Let DΓ denote the derived group of a group Γ. For |F| > 9,
By Lang's theorem, the short exact sequence 0 → K → G sc → G → 0 gives rise to a long exact sequence
Let Γ denote a subgroup of G(F) that includes DG(F), and assume |F| > 9. Definē Γ := δ(Γ), where δ is the coboundary map in (1.2.2), and let [a σ ] ∈ H 1 (F, K) denote the cohomology class of the 1-cocycle a σ . Set
where φ denotes the Frobenius automorphism of F/F. Then
commutes. Thus x ∈ G(F) lies in the image of G (F) if and only if δ(x) maps to zero in 
. We move these exceptions from list (1.3.3) onto list (1.3.5).
Lemma (1.4) Let X be an abelian normal subgroup of a finite group Y , a rational prime, and G/F a connected semisimple algebraic group. If does not divide the cardinality |X| and the Y -conjugacy class of some element x ∈ X has more than dim(
Proof. Let π denote the composition of Y → G(F ) with the adjoint representation,
−1 are simultaneously diagonalizable over F . As they are conjugate, they must contain the same diagonal elements up to permutation. Thus
As the kernel of π is of order |Z(G(F ))|, the lemma follows. For the remainder of this section, except when explicitly defined to the contrary, G will always denote a fixed group scheme satisfying the hypotheses of (1.1), and will always denote a rational prime large enough that ( , N ) = 1.
Proof. By taking n 0, we may freely assume that 0. Let G denote the -fibre of G, G ad the quotient of G by its center, Z, and G sc the universal cover of G . Suppose that x ∈ G (F ) lies in the center of G (F ). Letx denote the image of x in G ad (F ), which is evidently in the center of DG ad (F ). By [4] xv, the map from G ad (F )/DG ad (F ) to the outer automorphism group of DG ad (F ) is injective, sox ∈ DG ad (F ). As DG ad (F ) is a product of non-abelian simple groups,x = 1, so x ∈ Z(F ). Now,
The right hand side is tabulated in [4] Table 5 and always divides the determinant of the Cartan matrix of the root system of G. It is therefore bounded above by a constant B independent of . Let p be a prime larger than 2 dim(G)! B + 1. Realizing A p as the group of even permutations of F p , let y ∈ A p denote multiplication by the square of a generator of F × p , X ⊂ A p the group of additive translations, and Y = X y . Any generator of X has 
All semisimple groups over finite fields are quasi-split ([28] 1.10.3, 1.10.4) so H sc contains a Borel subgroup B with maximal torus T . We write B = T U , so U (F q ) is a p-group. The action of Gal(F q /F q ) on X(T ) stabilizes the set of positive roots associated to B, so the longest root, α, is Galois-invariant. Thus U α , the subgroup of U on which T acts by α, is defined over F q ; U α (F q ) is isomorphic to (F q , +) and lies in the center of U (F q ). As H is adjoint, X(T ) is the root lattice of H, so α ∈ nX(T ), n ∈ N, implies n = 1. Indeed, the simple roots form a Z-basis for X(T ), and every root is Weyl-conjugate to a simple root. It follows that T = ker(α) is a torus. By Lang's theorem, the cohomology sequence of
Lemma (1.7) For r greater than a constant depending only on G, the derived group of the group of F q -points of an adjoint simple algebraic group H/F q of rank r is never a subgroup of G(F ), for any .
Proof. For r > 8, by classification, H is the adjoint group of one of the following types: 3) gives a homomorphism from a simply connected almost simple group of rank r to G(F ) and hence a homomorphism from the alternating group on n letters to G(F ). For n > 4, this homomorphism is injective since the alternating group is simple and non-abelian. Taking r sufficiently large, the lemma follows from Lemma (1.5). 
Let (B, T ) be stabilized by F . As Z is split, T ∼ = G r m , and
m . If α is the longest root corresponding to B, V = U α U F (α) is a commutative subgroup of B.
In each of the three cases, conjugation by T (F q ) F acts transitively on the non-zero elements of V (F q ) F . For example, when Z = B 2 ,
and
The fixed points are pairs x, x
F , and all the non-zero elements are of this form. Conjugation
F is transitive. The cases Z = G 2 and Z = F 4 can be checked in the same way. Applying Lemma (1. 4) 
F , the lemma holds.
Lemma (1.9) Fix a semisimple group scheme G/Z 1 N . Let K be a non-abelian simple group. For n larger than a constant depending only on K and G, K n is not a subgroup of any G(F ).
Proof. Without loss of generality, we may assume > |K|. We compose K n → G(F ) with the adjoint representation G(F ) → GL(M, F ). As the kernel of the adjoint representation is abelian, K n ⊂ GL(M, F ). Every (mod ) representation of K lifts to characteristic zero. Each irreducible constituent, ρ i of ρ : K n → GL(M, C) is the exterior tensor product of irreducible representations of K. If each ρ i is non-trivial on n i factors of K, the faithfulness of ρ implies n i ≥ n.
Lemma (1.10) For any finite group H, the set of conjugacy classes of homomorphisms
Proof. The set of homomorphisms H → G(C) forms a complex affine variety, so the number of connected components is finite. It suffices, therefore, to consider a single component X. Fixing a representation ρ : H → G(C) on X, we obtain an adjoint map G → X. We claim that the induced map of Zariski tangent spaces is surjective at ρ ∈ X; in other words, every first order deformation of ρ is obtained by conjugation.
is given by a twisted homomorphism α : H → Lie(G(C)), where H acts on Lie(G(C)) via ad•σ 0 . Now σ is obtained from σ 0 by infinitesimal conjugation if and only if α is a 1-coboundary in group cohomology, so it suffices to prove
But the category of C[H]-modules is semisimple for all finite groups H, so the cohomology vanishes automatically. We conclude that the G-orbit of ρ contains an open neighborhood of ρ in X. As ρ is arbitrary and X is connected, it follows that all ρ ∈ X are conjugate.
Lemma (1.11) Let X be a scheme of finite type over Z and Y → X a morphism of finite type. Then for all 0, i) For every x ∈ X(F ) there existsx ∈ X(Z ) with reduction x. ii) For every x ∈ X(F ) such that Y x is a non-singular variety, there existsx ∈ X(Z ) with reduction x such that Yx is smooth over Z .
Proof. If X/Z is of finite type and X(F ) is non-empty for infinitely many primes , then X is dominant. By [8] 11.1.1, if X/Z is dominant, it is generically flat. Therefore, after inverting a finite set of primes, we may take X to be flat. It suffices to prove the result for each irreducible component of X, so we may assume X irreducible. If it is not already reduced, we replace it with its reduced scheme structure. By [8] 17.5.1, X/Z is smooth at a point on the generic fibre if and only if the fibre is regular at that point. As X is integral, Reg(X η ) is non-empty, so the smooth locus U of X/Z is non-empty. It is open by definition [8] 17.3.7. The complement X = X \ U satisfies the hypotheses of the lemma, so by Noetherian induction, we see that after inverting a finite set of primes, X is a finite union of locally closed subschemes which are smooth over Z. Claim (i) follows immediately from [8] 18.5.17. Claim (ii) follows by applying [8] 11.1.1 and 17.5.1 to the morphism Y → X to reduce to the case that Y is smooth over X. In this case, (ii) is an immediate consequence of (i).
(1.12) Next we recall some facts relating the theory of semisimple groups in characteristic zero to that in characteristic for 0. A good general reference for this material is [10] , especially § §1-3,15.
A split semisimple algebraic group G F /F is determined by a semisimple root datum Ψ. The same datum determines a unique split semisimple group scheme G Z over Z with special fibre G F . This is proved, for example, in [7] XXIII 5.2, XXV 1.2 (respectively the uniqueness and existence of the Chevalley scheme). A general semisimple group scheme G F is given by a semisimple root datum together with an action of Gal(F /F ). If Q nr denotes the maximal unramified extension of Q , the canonical isomorphism
gives rise to an unramified semisimple algebraic group G Q . This group extends uniquely to a semisimple group scheme G Z /Z , a twisted Chevalley scheme, whose special fibre is G F . It can be constructed by a standard descent argument from an ordinary Chevalley scheme over a suitable unramified extension of Z . Assume now that G Z is simply connected. By the Cartan-Weyl theory, every dominant weight µ of the unramified algebraic group G Q gives rise to an irreducible Qrepresentation ρ µ of G Q . As G Q is unramified, it is quasi-split, so by [29] Th. 3.3, every irreducible representation ρ µ is defined over the field of rationality of its character, i.e., the fixed field of the stabilizer of µ in Gal(Q nr /Q ). This is an unramified extension E λ of Q . Note that if M is a Gal(Q nr /Q )-orbit of weights, then
and the composition of this with the natural Q -representation
gives the representation ρ M . Let Z nr denote the ring of integers in Q nr and O λ = Z nr ∩ E λ the ring of integers in E λ . As ρ µ : G Q → GL(n µ ) is defined over the unramified field E λ , and
Since n µ is finite, Λ is defined over a finite unramified extension of E λ , so
. It suffices to check that the coordinate functions and inverse determinant on GL(Λ O λ ) pull back by ρ µ to λ-integral functions on G Z . But the pull-backs are integral on every point of G Z (Z nr ), and these points are dense in the special fibre of G Z , so the claim follows. We may therefore reduce (mod ) to obtain a representationρ µ : G F → GL n defined over the residue field F λ . In general this representation depends on Λ O λ , but its Jordan-Hölder constituents do not; ifρ µ is irreducible for some choice of lattice, then it is independent of the lattice.
There is a unique composition factor M µ inρ µ which is characterized by the appearance of µ in the formal character. We write
where the λ i are the fundamental weights. Expanding -adically, a i = j b i j j , where 0 ≤ b i j < , so we obtain a unique decomposition µ = j j µ j , where
We call the elements µ ∈ X standard weights and the corresponding M µ standard representations. By [24] 1.1 and [25] 13.1, the irreducible representations of G F are precisely the M µ , and
where φ is the Frobenius automorphism. Distinct µ give rise to distinct M µ . As every reductive algebraic group over a finite field is quasi-split, M µ is defined over F if and only if µ is Gal(F /F )-stable. 
Therefore, given a fixed root datum Ψ and an integer n, there are only finitely many different highest weights which can appear in F -summands of the representation of G associated to an n-dimensional irreducible F -representation of G(F ). Let G Z denote the unique semisimple group scheme over Z which extends G. By [22] 4.3, for every fixed root datum Ψ and fixed weight µ, if is sufficiently large, M µ is the full reduction of the irreducible representation of G Z with highest weight µ:
For sufficiently large compared to n, every n-dimensional representation of G(F ) is semisimple ( [12] §2, [14] Prop. 4.4). Therefore, if dim(G) and n are fixed, for all 0 and all simply connected semisimple groups G of given dimension, every n-dimensional F -representation of G(F ) comes by taking F -points of a representation of G Z .
Proposition (1.14) Let G/Z 1 N be a semisimple group scheme, a prime, and C a constant. Let G sc denote the universal cover of G and π : G sc → G the covering map. Let H/F be a connected, simply connected semisimple algebraic group and φ : H(F ) → G(F ) is a homomorphism of finite groups such that | ker φ| < C and
is a maximal proper subgroup of G sc (F ). If 0, there exists a smooth group subscheme
Proof. We assume that G is simply connected. Writing G = G 1 × · · · G k , where the G i are simple, connected, simply connected F -groups, the connected normal subgroups of G are just the groups
The normal subgroups of G(F ) are the groups (1.14.1)
where S and T partition the index set. If ∆ = φ(H(F )) lies in such a subgroup, its normalizer is G T (F ) times the normalizer in G S (F ) of the projection of ∆ to G S . Therefore, without loss of generality, we may assume that ∆ is not a subgroup of a non-trivial normal subgroup of G(F ).
We want to find a cartesian square of F -algebraic groups (1.14.2)
The first step is to find, at least when 0, an irreducible Frepresentationρ : G F → GL n,F such thatρ| ∆ has an invariant vector, and n is bounded independent of . Lacking an effective version of Chevalley's theorem, we proceed as follows. Write H Z for the Chevalley scheme with special fibre H F . Let λ = i λ i denote the sum of the fundamental weights of G. By (1.12), for 0,
If not, by (1. 13) , there exists an irreducible
As G is simply connected, the normal subgroups of G(F ) are of the form (1.14.1), so G(F ) cannot have subgroups of index < C for large; as
In particular H C is not isomorphic to G C . As GL n,C has only finitely many different connected semisimple subgroups up to conjugation, by [15] Th. 1, there exists a free module V /Z and a Z -representation
(Here G Z acts on V via the composition of ρ λ with GL n → GL(V ).) SetV := V / V . For 0, each irreducible G Z (resp. H Z ) subrepresentation of V reduces to an irreducible G F (resp. H) subrepresentation ofV , so
Moreover, the dimension ofV is bounded independent of . It follows that there is an irreducible G F -representation, obtained by reduction from an irreducible G Z -representation, which has a ∆-invariant vector. We call this representationρ.
Ifρ| Γ is irreducible, by [5] 49.7, the restriction ofρ to ∆ decomposes
where the V i are distinct, irreducible representations of equal dimension. Asρ| ∆ has an invariant vector, the common dimension is 1, so the image of ∆ = H(F ) is commutative. As H is simply connected, for > 3, by (1.2), this meansρ(∆) = 1. Thus ker(G(F ) → GL n (F )) is a normal subgroup of G(F ) containing ∆, contrary to assumption. Therefore, ρ| Γ is reducible, so we can take Z in (1.14.2) to be the maximal parabolic of GL n,F which stabilizes a non-trivial Γ-submodule ofρ. By (1.13),ρ| G(F ) is irreducible, so Y (F ) is a proper subgroup of G(F ), and Γ ⊂ Y (F ) is a maximal proper subgroup of G(F ).
We have therefore constructed, for 0, an irreducible Z -representation ρ of G of degree n = n such thatρ is irreducible as a G(F )-representation and
for some maximal parabolic subgroup Z of GL n,F . Moreover, n is bounded independent of . Now fix an integer n = n for some and a maximal parabolic Z of GL n,Z . There are only finitely many choices up to Z-conjugation of Z. Let G X , Z X , and GL n,X denote group schemes over X = GL n,Z[ 1 N ] ; G X and GL n,X are the constant group schemes
and Z X is the GL n,X -subgroup scheme
Moreover, all such intersections occur as fibres. The proposition now follows from Lemma (1.11). Finally, we consider the case that G is not necessarily simply connected. By (1.2), if |F| 0, then K(F) is centrally closed whenever K is a simply connected simple algebraic group and F a finite field. Therefore, if 0, φ lifts to a homomorphismφ :
Applying first π and then π −1 we see that for all g ∈ G sc (F ),
In other words,
On the other hand, H(F ) is perfect, so
.
This reduces the general proposition to the simply connected case.
Lemma (1.15) Let S denote a scheme of finite type over Z, H/S an affine group scheme and K/S a closed subgroup scheme of H. Then for some integer M , there exists a finite collection T i of integral locally closed subschemes of S and smooth subgroup schemes N i /T i of H such that the set of closed points of S[1/M ] is the union of the sets of closed points of T i , and for all closed points x of T i , the fibre N i,x is the normalizer in
Proof. Decomposing S into its irreducible components and reducing if necessary, we may assume, without loss of generality, that S is integral. Let η denote its generic point. If S if of characteristic p, we set M = p, and the theorem holds for trivial reasons, so we may assume the function field S η is of characteristic zero. Let f : H × K → H denote the map of S-schemes sending (h, k) to hkh −1 . Define
where We claim that Y | U is an affine group scheme. To see this, let A (resp. A η ) denote the coordinate ring of H (resp. H η ) and B (resp. B η ) the coordinate ring of Y (resp. X η ). As H and X η are affine group schemes, we have the following diagram:
The upper-left vertical arrow is obviously surjective. As B is flat and R is integral, the lower-right vertical arrow is injective. Therefore, there exists a unique horizontal arrow completing the diagram. This map is coassociative because
Thus Y | U is a group scheme with generic fibre X η . By Chevalley's theorem,
is a constructible set containing η. Therefore, it contains a non-empty open set U of S. The algebraic group Y η is regular, so by [8] 17.7.11 (ii), Y /U is smooth in some neighborhood T 1 of U . We set N 1 = Y | T 1 . The complement of T 1 has dimension less than that of S, so the theorem follows by Noetherian induction.
Lemma (1.16) Let G be an adjoint semisimple group scheme over Z 1 N . Let X a subset of mutually commuting elements of G(F ). If is larger than a constant depending only on G, then there exists a smooth group subscheme S/Z of G such that
Moreover, if X contains at least 2 elements and
0, this normalizer is a proper subgroup of G(F )
Proof. Let G → GL n ⊂ M n denote the adjoint representation over Z 1 N . Let d denote the degree of G, viewed as an affine variety in n 2 -space. For any fixed matrix M in M n , the condition that a matrix commute with M is linear. Therefore, the centralizer of any given set of elements of G can have no more than d irreducible components. A proper subgroup of an algebraic group has either lower dimension or equal dimension and fewer components. It follows that
for some subset X of X with no more than N = dim(G)d elements. Let Y denote the scheme over Z To prove the remaining claim, it suffices to prove that Z G(F ) X is not a normal subgroup of G(F ). Projecting onto a simple factor of G, it suffices to prove this claim when G is simple. Every normal subgroup H of G(F ) pulls back to a normal subgroup of G sc (F ), which must either be contained in Z(G sc (F )) or be the full group. Hence
N is an adjoint semisimple group scheme, 0, and Γ ⊂ G(F ) satisfies
then there exists a smooth group scheme H/Z and a finite Z -homomorphism such that Γ is the image of H(F ) in G(F ).
Proof. We decompose G as a product of simple adjoint group schemes G = m i=1 G i . Let G sc denote the universal covering group of G and π : G sc → G the natural quotient map. We assume is large enough that
Now (1.17.1) implies that π −1 Γ is normal in G sc (F ). This implies that π −1 Γ is of the form (1.14.1), which means that
We claim that Γ is contained in G S (F ). For every j ∈ S, the projection of Γ to G j (F ) is a normal subgroup Γ j whose intersection with DG j (F ) is the identity. Now the image of γ ∈ Γ j in the commutative group G j (F )/DG j (F ) is invariant by conjugation, so γ itself must be invariant by conjugation. The center of G(F ) is trivial, so Γ j is trivial.
The lemma reduces therefore to the following claim: for every group Γ sandwiched between DG S (F ) and G S (F ), there exists a suitable group scheme H. This follows from (1.2).
(1. 18) We are now in a position to prove (1.1). Let G ad denote the quotient of G by its center, π : G → G ad the quotient map, and Γ ad the image π(Γ). We know by [11] I 9.12 that Γ ad contains a characteristically simple normal subgroup, i.e., a normal subgroup of the form K n , where K is simple. Lemmas (1.5)-(1.9) and the classification (1.3) imply the existence of a finite collection S of finite groups such that every K n is one of the following:
If it is any larger, the preimage of ∆ in G(F ) must properly contain Γ and must therefore be all of G(F ); it follows that ∆ ⊃ DG ad (F ). By Lemma (1. 17) , there exists a smooth Z -group scheme and a finite homomorphism φ : H → G ad such that ∆ = φ(H(F )). We want to show this remains true if Γ ad = ∆. We treat the cases (i)-(iii) separately. For each H ∈ S, the functor
associating to a Z 1 N -algebra A the set of homomorphisms from Γ to G ad (A), is represented by an affine scheme X. Define
We view Y X as the tautological X-subscheme of G X giving the image of Γ in G on each fibre. Thus
represents the sheaf of normalizers of Γ in G over X. By (1.11), for large , the normalizer of ρ i (Γ) in G(F ) is the (mod ) fibre of a smooth group scheme over Z . This takes care of case (i) . Case (ii) follows from (1.14). Case (iii) follows from (1.16), since the normalizer of a group S is contained in the normalizer the centralizer of S. This completes the proof of (1.1) in the case that G = G ad . In the general case, we define H as above and takeH = H × G ad G. ThenH is smooth over Z and finite over G. As fibre product commutes with taking F -points, the image ofH(F ) in G(F ) is π −1 Γ ad . As Γ is a maximal proper subgroup and
In the first case, we are done. In the second,
so the theorem follows from (1.2). 
18) (i)-(iii). In case (i), Γ
ad is the set of F -points of a smooth subgroup scheme H ⊂ G ad . Therefore, Γ is the set of F -points of H × G ad G ⊂ G. The lemmas (1.14) and (1.16) both construct subschemes. §2. L-adic Groups
In this section, we review part of the theory of -adic groups for use in §3. We refer the reader to [28] for definitions. Throughout this section, K denotes a finite extension of Q and G a connected semisimple group over K. We write Λ for the value group of the -adic valuation on K.
(2.1) Recall that the building B(G, K) is a PL-manifold, endowed with a G(K)-action which is linear on each facet. Every maximal compact subgroup Γ of G(K) is the stabilizer G(K)
x of a point x ∈ B(G, K). We may always take x to be the centroid of some facet. Indeed, if F is an open facet containing a point x such that Γ = G(K)
x , then every element in Γ maps F into F and therefore permutes the vertices of F . Hence, Γ fixes the average of the vertices. 
Lemma (2.3) If G is semisimple and unramified, every maximal compact subgroup of G(K) is of the form G(K) x , where x is a Q-weighted average of hyperspecial points in an apartment containing x.
Proof. By (2.1), it suffices to prove that every vertex of the building is such an average. By [28] 1.10.2, every apartment A = A(G, S, K) of B(G, K) contains a hyperspecial vertex x 0 . The orbit of x 0 under the affine Weyl-group consists of hyperspecial vertices in A and includes a lattice of the rational affine space {x ∈ A|α(x) ∈ QΛ ∀α ∈ Φ af }.
The lemma follows from the fact that every vertex of A lies in this space.
Lemma (2.4) If G is semisimple and unramified and x is the centroid of a facet in B(G, K), there exists a totally ramified extension K /K such that ι K ,K (x) is a hyperspecial point.
Proof. Let K 1 denote an unramified extension of K over which G splits, and
. Let Φ denote the (spherical) root system of G/K 1 , and (2.4.1) Φ af,K 1 = {a + λ|a ∈ Φ, λ ∈ Λ} the affine root system corresponding to an apartment to which x 1 belongs. As x 1 is a facet, the vector parts of the set of affine roots
span RΦ. Therefore, every root in Φ is a Q-linear combination of the vector parts of roots (2.4.2). By (2.4.1), α(x 1 ) ∈ QΛ for all affine roots α. As Φ is finite, we can bound denominators. Let K N denote a totally ramified extension of K of degree N . If N is sufficiently divisible, for every a ∈ Φ there exists
such that α has vector part a and α(x 1 ) = 0. Thus
(2.5) We recall some facts from [28] §3. For every subset Ω of an apartment of B(G, K) such that Ω is bounded in the projection to B(D, K), there exists a smooth affine group scheme G Ω over O K , the ring of integers in K. The generic fibre of G Ω is G, and for every unramified extension
; these properties uniquely characterize G Ω . The identity component of the special fibre is reductive if and only if Ω is a vertex, and in this case, the special fibre is actually connected. In fact, G Ω is the twist of a Chevalley scheme over
Proposition (2.6) Let G be a semisimple group scheme over Z and Γ a closed subgroup of G(Z ). LetX denote the (mod ) reduction of a set X ⊂ G(Z ). If is sufficiently large (in terms of the Dynkin diagram of
, we obtain short exact sequences
for all m ≥ 1. As Γ is closed, it suffices to prove that for all m the image Γ m of Γ in G m is all of G m . Setting
it suffices to prove that Γ * m = Lie(G/F ) for all m ≥ 2. Let G sc /F denote the universal cover of G F . It is the product of simple, simply connected algebraic groups over F . Let H denote a simple summand. As in (1.6), there exists an F -rational pair T ⊂ B in H, and the highest root in Φ(H, T ) with respect to B defines a subgroup U α ⊂ B which is isomorphic over F to G a . We fix, once and for all, a non-zero element
We claim that there exists a constant C depending only on the root system Φ(G, T ) such that > C implies that every element x m ∈ G m which reduces to x 1 (mod ) is of order m . Equivalently, if 0, the image of x m in the adjoint representation 
which, since M is nilpotent and non-zero, implies that (1 + M ) m−1 = 1. In other words,
is non-zero. Now,Γ = Γ 1 = G 1 , so Γ * m is stable by conjugation by G 1 . The irreducible components of the adjoint representation of a semisimple group in characteristic zero are the Lie algebras of the simple factors, so by (1.12), the same is true in characteristic 0. As Γ * m ∩ Lie(H/F ) is non-trivial for each factor H of G sc , Γ * m = Lie(G/F ), so Γ m = G m , and Γ = G(Z ).
(2.7) Let G/Q denote a semisimple algebraic group, ρ : G → GL n,Q any representation, and Γ ⊂ G(Q ) a compact subgroup of G(Q ). Then Γ is contained in a maximal compact subgroup Γ m of GL n,Q , which by Lemma (2.3) is of the form G(Q ) x for some point x ∈ B(G, Q ). By (2.5), there exists a smooth affine group scheme G/Z such that the generic fibre of G is G and G(Z ) = Γ m . Let K be a finite totally ramified extension of Q such that ι K,Q (x) is a hyperspecial vertex of B(G, K), and O K the valuation ring in K. By (2.5), there exists a semisimple group scheme
To show that this homomorphism exists at the level of group schemes, we proceed as in (1.12) . Since
By [2] 1.7, the isomorphism G KQ nr →G KQ nr extends to an O K Z nr -morphism, which then
Suppose now that G/Q is unramified. In this case, it extends uniquely to a semisimple group scheme G = G Z over Z , and by (1.12), ρ extends to a Z -representation, also denoted ρ. As G F = G F , G F maps to G F . The number of components of G F is bounded in terms of the Dynkin diagram of G ([28] 3.5.3). Moreover, if K = Q , the identity component of G F has semisimple rank less than that of G F . Therefore, if 0, the image of G(F ) in G(F ) is a proper subgroup. By Lemma (2.6), for 0, the image of Γ ⊂ G(Z ) in G(F ) is a proper subgroup unless Γ is a hyperspecial maximal compact subgroup of G(Q ). We conclude that if Γ is not a hyperspecial maximal compact subgroup of G(Q ), the (mod ) reduction of the set of characteristic polynomials of elements of ρ(Γ) is equal to the set of characteristic polynomials of elements of ρ(Γ) for some proper subgroupΓ ⊂ G(F ). §3. Algebraic Groups (3.1) Let ξ denote the morphism of schemes which associates to each invertible matrix its characteristic polynomial. The only constraint on a monic degree n polynomial x n + a 1 x n−1 + · · · + a n for it to be the characteristic polynomial of a matrix is that a n = 0. Therefore, ξ : 
The image ρ (H ) in GL n is ξ(H). We define Ξ mapping subsets of GL n to subsets of G n m
Thus,
Lemma (3.3) If H is an algebraic subgroup of GL n over a field of characteristic zero, then ξ(H) is defined over Q.
Proof. We first prove that Ξ(H) ⊂ G n m is defined over Q. If x ∈ Ξ(H) and n ∈ Z, then x n ∈ Ξ(H). If x ∈ Ξ(H)(K), the Zariski closure Z(x) of the set {x n |n ∈ Z} is an algebraic subgroup of G n m , hence the product of a Q-torus and a torsion subgroup of a Q-torus. Therefore, if σ ∈ Aut(K), x σ ∈ Z(x) ⊂ Ξ(H). It follows that Ξ(H) and thus ξ(H) = ξ(Ξ(H)) is defined over Q.
(3.4) LetK be an algebraically closed field of characteristic zero and G a connected reductiveK-subgroup of GL n . Let x ∈ G(K) be a regular semisimple element, and let T G denote its connected centralizer and T GL ⊃ T G any maximal torus of Z GL n (x). We say x is regular with respect to GL n if
and the transporter from t to T G is the normalizer of T G :
Note that this does not imply that x is regular as an element of GL n . Note also that this property does not depend on the choice of T GL , because all maximal tori of Z GL n (x) are conjugate to one another in Z GL n (x). In fact, it can be given a purely weight-theoretic description as follows: x is regular with respect to GL n if a non-trivial automorphism of T G which preserves the formal character of the representation T G → T GL cannot fix x. Proof. Write H = M N . Let V be the standard representation of GL(n) ⊃ H. As N is a unipotent subgroup of H, we have a finite decreasing filtration
of H-stable vector spaces. As N is normal in H, M respects this filtration, so the characteristic polynomial of mn acting on V is the product of its characteristic polynomials acting on the quotients
This latter expression is independent of n because N acts trivially on the Q i , so ξ(mn) = ξ(m).
Lemma (3.6) If X and U are finite groups such that X acts on U and V ⊂ U is an abelian subgroup of index n, then there exists an X-stable abelian subgroup W ⊆ U normal of index ≤ n n !.
Proof. Let
Suppose, for some i, V i ⊂ U i and every element of V i commutes with every element of U i . Write n i for the index of V i in U and m i for the index of U i in U . If U k fails to be X-invariant, choose σ ∈ X such that U σ k = U k and set U k+1 denote the group generated by U k and U σ k and V k+1 = V k ∩ V σ k . Clearly V k+1 ⊂ U k+1 , and every element of V k+1 commutes with every element of U k+1 . Moreover,
k . This process must eventually terminate with an X-stable U k . Thus,
is abelian and X-stable, and its index is ≤ n
we obtain a commutative, X-stable, normal subgroup of V of index ≤ n n !.
Proposition (3.7) Let K be a field of characteristic zero and G a connected, simply connected, semisimple algebraic group over K. Every proper reductive K-subgroup of G is contained in at least one proper reductive subgroup of one of the following types: i) The normalizer of a connected semisimple subgroup of G.
ii) The normalizer of a maximal torus of G. iii) A finite algebraic group H, where (i) . Otherwise, D is a connected normal subgroup of G. Now G is a product of connected simple algebraic groups, so
If D = {1}, case (iv) holds. Otherwise, D = {1}, which means that either H is finite or it is the extension of a finite group by a non-trivial torus. Set T = H
• , so
As N is the normalizer of a semisimple group, it is of type (i) unless 
• is a torus containing any maximal torus containing T . It follows that
is of type (ii). This leaves the case that H is finite. Let ρ : G → GL n denote the adjoint representation. By Jordan's theorem, ρ(H(K)) contains a normal abelian subgroup of index ≤ f (n), for some universal function f : N → N. By Lemma (3.6), ρ(H(K)) contains a normal abelian Gal(K/K)-invariant subgroup, Γ, of index no greater than f (n) f (n) !. The centralizer of any finite commutative subgroup of GL n is of the form i GL n i , where i n i = n. The degree of gρ(G)g −1 as an affine subvariety of the space of n × n matrices is constant in g ∈ GL n (K), so the number of geometric components of
is bounded independent of g. Therefore, if the cardinality of H(K) is sufficiently great, the centralizer of Γ and hence the normalizer of Γ, is of dimension
is contained in a subgroup of G of type (i), (ii), or (iv), and of course, it contains H. Finally, we prove the finiteness claim for conjugacy classes. We consider each of the cases (i)-(iv). In case (i), the semisimple subgroup D ⊂ G is determined by its root datum, endowed with its Gal(K/K)-action. The hypothesis on K guarantees the finiteness of admissible D. Composing D → G with the adjoint representation φ : G → GL n , we obtain an n-dimensional representation, ψ, of D, of which, by the theory of highest weights, there are only finitely many. For each fixed representation, consider theK-variety of g ∈ GL n (K) such that gψ(D)g −1 is contained in φ(G). The number of connected components is finite. We claim that within each component of this variety, the G(K)-conjugacy class of the map D(K) → G(K) is fixed. By the Lefschetz principle, we may takeK = C and prove (as in (1.10)) that a conjugacy class of homomorphisms D(C) → G(C) admits no infinitesimal deformations. As the representation D → GL n is rigid, 
Proof. By Proposition (3. 7) , there are only finitely many suchH up to conjugation. By [16] 
over all maximal proper reductive subgroups H. Let K 2 be the union of ξ(H) over all maximal reductive subgroups H with reductive rank less than rk(G).
The lemma is a consequence of this construction.
Definition (3.9) ([16] 6.1) An F -group is a topological group G together with a dense set of "Frobenius elements" F α ∈ G indexed by a set A.
indexed by a set L of rational primes for which there exists a subset X ⊂ A × L satisfying the following conditions: (3.10.1) For every α ∈ A, { ∈ L|(α, ) ∈ X } is finite. (3.10.2) For every finite set of primes 1 , . . . , n ∈ L, the set Note that a system of -adic representations of the Galois group of a number field, in the sense of [19] I-10, is a representation of an F -group. To see this, take the index set A to consist of ordered triples α = (p, ι, φ), where p is a rational prime, ι : Q → Q p an embedding, and φ ∈ Gal(Q p /Q p ) an automorphism of Q p which acts as absolute Frobenius on the residue field. Then F α = ι * (φ). • . Therefore, the preimage of any Zariski-dense subset of G is dense in G. Let R denote the radical of G , G ad the connected semisimple group G /R , and
If G is compact, so is Γ . Replacing ρ by its semisimplification does not affect Γ , so we will assume henceforth that ρ is semisimple. The Zariski closure X of the image of G in (3.14) Let F α be a Frobenius element. For each , we define
the connected centralizer of F α in G . By hypothesis, ρ (F α ) is regular in every G , so T ,α is a maximal torus in G . In fact, it is regular with respect to GL n , so the action of Gal(Q /Q ) on X * (T ) is determined its action on Ξ({F α }) ⊂ G n m (Q). This is obtained, in turn, by restricting the action of Gal(Q/Q) on Ξ({F α }). We write E α for the splitting field of ρ (F α ), which is independent of 0 by (3.10.1) and (3.10.3). If is sufficiently large, E α is unramified at , so X * (T ,α ) is a Frobenius module, which we denote FM( , α). Whenever the Frobenius conjugacy classes of primes 1 and 2 in Gal(E α /Q) are the same, the Frobenius modules FM( 1 , α) and FM( 2 , α) will be the same. For all but finitely many , ρ (F α ) is regular with respect to GL n (mod ), and the Frobenius module structure depends only on the (mod ) reduction of Ξ({F α }).
has Frobenius module M , and the splitting fields of the E α i /E are linearly disjoint. Let L [x] be the set of primes in ∈ L such that [ , E/Q] = [ , E/Q]. The Cebotarev density theorem implies that the density of L [x] is
is an upper bound for the density of ∈ L [x] such that [ , E α i /Q] = [ , E α i /Q] ∀i ∈ {1, 2, . . . , N }.
As we may take N as large as we like, we conclude that, with the possible exception of a set of primes of density 0, for every prime ∈ L [x] , M belongs to FM G . Since up to isomorphism there are only finitely many possible Frobenius modules of given rank, there is some fixed set FM [x] to which FM G is equal for all with [ , E/Q] = [x] , except for a set of primes L \ L of density 0. By [16] Prop. 8.9, ∈ L implies G unramified, so the set FM [x] is given by a full Weyl group coset ΦW [x] as in (3.14) . The set FM [x] determines the Weyl group W [x] by [16] §2.
(3.16) Given a compact F -group G, and a representation {ρ }, for each ∈ L , ρ (G) is a compact subgroup of GL n (Q ). We consider
Note that the derived group of G is a quotient of G sc by a subgroup of its center, so the ambient representation DG → GL n can be viewed as a representation ρ sc of G sc . Suppose G sc is unramified. By (1.12), it extends to a smooth Z -group scheme, unique up to isomorphism, which we also denote G sc . By (2.7), if Γ sc is not a hyperspecial maximal compact subgroup and 0, then there exists a totally ramified extension K/Q , such that Γ sc ⊂ G sc (O K ) and the (mod ) reduction of the image of Γ sc is a proper subgroup of G sc (F ). In particular, the (mod ) reduction of ξ(Γ sc ) is ξ(Γ) for some proper subgroup Γ of G sc (F ). Note that the choice of integral structure on G sc may affect the reductionΓ but cannot affect the set of characteristic polynomials ξ(Γ).
Theorem (3.17) Given a compact F -group G and a connected system of representations {ρ }, there exists a set of primes L such that L \ L is of density 0 and for all ∈ L , Γ = τ −1 σ(Γ ), is a hyperspecial maximal compact subgroup.
Proof. Recall that G is connected for all . We fix a conjugacy class [x] in Gal(E/Q). In what follows, the prime , with Frobenius conjugacy class [x] , will always be assumed 0. We also assume that G is unramified with Frobenius module set FM [x] , and we view G as a smooth reductive group scheme over Z . By (3. 16) , if Γ sc is not a hyperspecial maximal compact, the (mod ) reduction of ξ(Γ sc ) is of the form ξ(Γ) forΓ a proper subgroup of G sc (F ). NowΓ is contained in a proper maximal subgroup, and by (1.1) and (1. 19) , every such group is the group of F -points of a smooth Z -subgroup scheme H ⊂ G sc . By
